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1 Introduction

The computation of Lyapunov quantities is related to its importance in engineering and me-
chanics of the question on the behaviour of a dynamical system near to the boundary of a
stability domain. From (Bautin, 1949) one varies “dangerous” or “safe” limits, i.e. a small
alteration of which implies a small (invertible) or noninvertible alterations of the system sta-
tus correspondingly. Such alterations parallel, for example, to condition of “hard” or “soft”
excitations of fluctuations of the system, as shown by Andronov (1966). The development of
methods of computation and analysis of Lyapunov quantities (or focus values, Lyapunov coef-
ficients, Poincare-Lyapunov constants) was greatly encouraged by firstly as a pure mathematic
problems (such as investigation of stability in critical case of two purely imaginary roots of
the first approximation system, Hilbert’s 16th problem, cyclicity problem, and distinguishing
between center and focus) and then as to the applied problems (such as the investigation of
boundaries of domain of stability and excitation of oscillations). Poincare (1885) and Lyapunov
(1966) in their classical works for the analysis of system, conducted the linking of neighbouring
boundary of the stability domain and advanced the technique of calculation of the so-called Lya-
punov coefficients, (or Lyapunov quantities, focus values, Poincare-Lyapunov constants), which
determine the system behavior in the region of the boundary. This method likewise permits
us successfully to study the bifurcation of the birth of small cycles (Chavarriga & Grau, 2003;
Gine, 2007, Leonov, 2007, 2008), and Yu and Chen (2013). In this work, We find the general
form of all the focal values n; (k is even and k > 2) and the Lyapunov function V(x,y) for the
lopsided system degree eight. As the type for find the maximum number of limit cycles which
can be bifurcate out of the origin and the necessary and sufficient conditions for the existence of
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center we need to compute the focal values 7912, the Lyapunov quantities L(k) and Lyapunov
function V' (z,y).

2 Focal values and Laypunov function for the lopsided system
in degree eight

In this section, we introduce the technique of finding the general form of facal values 79 and
Layapunov function V(z,y) for as the type for find the maximum number of limit cycles which
can be bifurcate out of the origin and the necessary and sufficient conditions for the existence
of center, we need to compute the focal values ns52, Lyapunov quantities L(k) and Lyapunov
function V(z,y). As the way to evaluate the general form for the Lopsided system in degree
n. We describe some concepts that we shall need about the related facts and ideas. Which we
started by definition of the lopsided system as the following

Definition 1. (Gine & Santallusia, 2001)
Suppose that the origin of the system

T = M4y

where Qn(x,y) is homogeneous polynomial of degree n and X\ is parameter and

n
Qn(z,y) =D ax" "y
=0

Definition 2. A function V(x,y) is called a Lyapunov function for a system

T = Xx+y+ Pz,y),
gy = —z+y+Q(z,y),

where P(x,y) and Q(z,y) are polynomial in the degree m,m respectively. If it satisfies the
following conditions:

1. V(0,0) =0;
2. V(z,y) > 0 in some neighbourhood of the origin;
3. % =V is of constant sign in some neighbourhood of the origin.

Now the function V in a neighbourhood of the origin is such that its rate of change along
orbits is of the form

Viz,y) =Y nowr, 2)
k=1

where 72 = 22 + y2. The coefficients 7y are the focal values and they are polynomials in A and

the coefficients P(z,y) and Q(z,y). It is known that the origin is stable or unstable according
to whether the first non-zero focal value is negative or positive, and that the origin is a center
if all the focal values are zero.

What we really need are the so-called Lyapunov quantities L(0), L(1),..., L(K), these are
the non-zero expressions obtained by calculating each 795, under the condition 179 =14 = ... =
N2k—2 = 0. Then the origin is a center if all the Lyapunov quantities are zero. The origin of (1)
is said to be a fine focus of order k if ny =ny = ... = nor = 0, but nox42 # 0. In general L(k) is
derived from 7949, but it may happen that a reduced focal value is necessarily zero, in which
case it does not contribute a Lyapunov quantity.
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In this work we choose the lopsided system of degree eight and the parameter A converse to
zero as an example to compute the general form of both facal values 7y, and Lyapunov function

V(z,y).
The Lyapunov function V(x,y) can be written in the form

[e.e]

View) = Z Uk
k=2
and
k . .
v = Z vkt 'y, (3)
i=0
where vy = # and vy is a homogeneous polynomials of degree k£ > 3, with unknown coeffi-

cients vg_; ;¢ +j = k,i,7 > 0. For convenience, we say that vy_;; is an even or odd coefficient
according to whether i is even or odd.

Our main result is stated in in the following Theorem where the coefficients vy_; ;i +j = k, 7,5 >
0. and the focal values n;, are given.

Theorem 1. For a lopsided system of degree eight, we have
1. The coefficients vi—;; has the following form

(a) for odd coefficients we have

7 (k= 27+ D) — D1 (g — (3

V=i = (k — i)lill

(b) and, for even coefficients we have

k—1
3,7 — (25 + 2) 141
(k — o)l

Vk—ii =

2. The focal values are given by the following formulas

= j§=0(/“7 — (25 + 1)1N(25 — 1)Maho;
3‘5:0(7‘C — (25 +1)N25 — 1)”(?)

where k (even) and > 4. and

Jj+1
;= E 10—t 1Vk—7— -

=0

Proof. Note that from the fact that V(x,y) is given as follows,

[e o]

View) = Z Uk

k=2
the derivative of Lyapunov function V' (x,y) with respect to the system (1) is given by

ox y

= (x+ (3)z+ .. ) Az +y) + (Y + (v3)y +...)(—z + Ay + Qs(,y).
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Let Dy, be the terms of degree k in V(x,y), by direct substitution in the system (1), we get

0 0 Ovg—
Dy =y — w5+ Q= (4)

The idea is to choose the coefficients v,_; ; in vy and the quantities 7, so that

0 if k£ is odd
De= { 77k($2 + y2)k/2 if k is even (5)

When k is odd, the requirement Dy = 0 is equivalent to solve a set of k + 1 unknown and
the coefficients arising in the original differential equations.

These k + 1 equations can be uncoupled into two sets of k—;l equations, one set determines
the odd coefficients of the v, and the other determines the even coefficients of vy,.

When £ is even, k = 2m, the requirement in the second part in (5) gives k+1 linear equations
for 1, and the k41 coefficients of vg. These equations also can be uncoupled into two sets: %4— 1
equations for 7 and % odd coefficients of vy, and % equations for the % + 1 even coefficients of
vg. Then the even coefficients of vi are uniquely determined under the supplementary conditions
V5.5 = 0 lfj is even and Vjt1,5—1 + Vj—-1,j+1 = 0 lfj is odd.

Now note that

k-1
oy, . L
i D (k=)oY (6)
r i=0
ov k
k . k—i, i—1
— = WX . 7
ay Zz; k—i,i Yy ( )
Therefore
O 8 kT o
Qs 87 = Zail‘S_ZyzZjvk—5—j,j$k_5_]_lyl_l
Yy i=0 i=0
= DO jasvpgg Ty (8)
i=0 j=1

With the convention that v,_;; = 01if j <0 or k- j <O0.
These last equations in (4) implies

Ovy, Ovy, 8 kT
_ - k+1+4i—j, itj—1
Dp = —yg i —wg Y D et Ty
Yy S0i=
Now using (6-7) we obtain
k—1 k
Dk _ Z(k i Z-)Uk_i’ixkfzflywrl - Z,L-Uk_i’ixkfwrlyzfl
1=0 i=1
8 k-7
. k+1+4i—j, itj—1
+ Z Zjaivk_7_j’jl‘ ! Jyl I,
i=0 j=1

We will develop the three terms in Dy each separately
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1. The change of index m = ¢ + 1 in the first sum in Dy, implies

k—1 k
Z —1 Uk zzxk Z_lyH_l = Z(k - (m - 1))Uk—(m—1)7m—1$k_mym'
=0 m=1

Since vg_;; = 0if 7 <0 or k — j <0, the first sum becomes

k—1 k
(k — i)op_i Lyt = Z (k —m + D)vg_my1m12" my™. (10)
1=0 m=0

2. If we take m =i — 1 in the second sum of Dy, we obtain

k— 1
k—i+1 z 1 k—m_,6m
E Wp—i i@ Dvg—1—mmirz" "y™. (11)

m:0

3. In the last sum of D we take the index change m =i + j — 1, then we obtain

8 k—7 k—7 J+7

k+i—j+1 H— 1 _ —-m, m
E JUk—5—ix" 7 a= E E Jam—j1Vk—715,2" Y™
=0 j=1 7j=0m=j5—-1

Developing the sum in the right-hand side and grouping the terms multiplying z*~*y* for

1 =20,1,...,k, this sum can be written
T k=7 k
DD damjrrve—r_jga Ty = ity (12)
m=j—1 j=0 i=0
where
Jj+1
Qp] = Z ma;—m+1Vk—7—m,m- (13)
m=0

By substituting equations (10),(11) and (12) in equation (9), and we becomes,

k k—1 k
Dy = Z(k} -1+ 1)vk_i+17i_1xk7iyi — Z(Z + 1)Uk—i—1,z'+1$k7iyi + Z wlxkfzy@
i=0 =0 P
0if k£ is odd
= 5 (% ), 2 14
o (i)nkx (k 71)2/21 if k is even. (14)
2
If £ is even we have
k—1
Dy = vipayt —vpad® + ) [k =i+ Dogigrion — (04 Dogiip )2y + Z% By

i=1

E
2

k L
— Z(?)nk$2(k_z)y21-
; 2
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Thus,

S~

N[F T <0 N N3 O Nl

—Vk—1,1 + Yo

W

(k -1+ 1)kai+1,i71 — (Z + 1)Uk7i71,z'+1 +; = ,--+ ,k—2,with i is even

3
E
~
|
[\

)

N— "

(]f — 1+ 1)Uk7i+1,i71 - (Z + 1)Uk7i71,i+1 + 1,3,--- ,k—1,with ¢ is odd

Vi1 +p = ( >77k- (15)
This implies
k
Vp—1,1 = — <(2)>77k: + o, (16)
and
Vik—1 = —Vk (17)
1 k
Vk—i—1,i+1 = i1 P — (2)% +(k—i+ 1)vk,i+1,i,1 .

Thenif m=17—-1

1 5 L
Vk—m,m = oo [wm1 — <m2—1>77k +(k—m+ Q)Uk_m_,_gm_gi ,m=1,3,---,k—1,with m is od.
2

(18)
and for )
Vk—itLicl = 5 [0 + (1 4+ 1)vk—i—1,i+1] -
Then if we replace i by ¢ + 1 we obtain
1 . . i
ki = 3 [—Yig1 + (i +2)vg—i—2442] 4 = 2,4,--- ,k — 2, with i is even. (19)
—1
If k£ is odd then
Dy = > (k—i+Dopipriad® 'y =D (i+ Dveirin@® iy + ) gia 'yl
i=1 i=0 i=0
Using the similar previous method, then we got the following set of equations
Vk-11 = Yo, (20)
V1 k-1 = — Yk, (21)
1 A
Vg—ii = 7[%‘—1 — (k=14 2)vp_it24-2), (22)
and .
Vg—ii = m[wm + (1 + 2)vg—i—2,it2) (23)

To continue the proof of the theorem we needed to show the following result
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Lemma 1. If k is odd and i is odd fromi=1,2,...,k then

o Zﬁ;(k (27 + 1))N(2) — 1)¢2j
Vk—ii = (kj — Z)”z”

Proof. We will show this result using a proof by induction. For ¢ = 1 we have

(k= 1)N(=1)!g
VL= T im0

Suppose that formula (24) is true for i = d — 2

520 (b — (27 + 1)1(2) — 1)l
(k—d+2)l(d—2)! ’

Vk—d+2,d—2 =

We must show that it is true for i = d, from equation (22) we have

Vp—dd = %1 [Yg—1 — (k —d+ 2)vk_g+2,4-2]
=t 520 (k — (2 + 1)) — 1)l
= g (Y kmdtD) (k—d+2)(d—2)! ’
_ 1 _ 73 — (27 + 1))N(2) — 1)y,
= a Y Z; (k — d)lI(d — 2)!l ok

(d=3)
(N2 — X (R (2 D)) — 1)l
- (k — d)lld!! ’
XA (24 D)) - Dl
(k — d)lld!l
So, 5
s > Zo(k = (25 + 1))!1(25 — 1)y

(k — i)l ’

We have also the following result

Lemma 2. If k is even and i is odd, from i =,1,2,...,k — 1 then

5 200k — (2 + 1))~ DUy — ()

V=i = (k — )l

Proof. Again, we show this result by induction. For we have i = 1

(k = DU (w0 — (§)n)

Je— 1)l

)Uk-
1—3

20— (2 D)) — DU — (D)
Vh-d+2,d-2 = (k—d+2)(d—2)! '

Vg—-11 =

/\/\

O ol

= —¢0+<

Suppose that it’s true for i =d — 2
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Consider the case i = d, from equation (18) we have

k
Vk—dd = Ya—1 — <d21)77k —(k—d+ 2)”k—d+2,d—2]

[\

r i-3

- k 2 (k— (25 + D)N(2j — DN (o — (2
_ 1wd_1_<ﬁl>nk_(k_d+2)zm< (27 +1)M(25 = D! (62— (3)me)

d - (k—d+2)(d—2)!
o i 5 2ok — (27 -+ 1)1(25 — )1 (g — (3
= g |V (dél)”’“_ (k= d)i(d—2)!
(k — d)i(d — 2)1 (wd_l - (dfl)nk) 3T (23 )27~ D (v — ()
- d(k — d)!/(d — 2)!!
5320 (k= (27 + )27 — 1)1 (i — ()
- (k — d)!d!! '
So,
5 2ok — 2+ 1)1 — D (s — (B
Vk—ii = (k — )il '

We use also a proof by induction to show the following result

Lemma 3. If k is even or odd and i even from i =0,1,2,...,k then

u
S0 (= (25 4 2)125s
2

Vh—ii = (k — i)l

Proof. We have for i = k

k—1
Sk (25 + 2)12)ln )
2
0!l
(=2)MEMehpqq + (=N (E — D)y,
!

Vog =

= Ak‘v
where Ay is any constant.

Suppose it’s true for i = d + 2

k-1
Z;;%(k — (27 + 2)1125!19541)
Vk—d—2,d+2 = R TR
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To show that it’s true for ¢ = d, by using equationl9 we obtain,

1
Vp—dd = 2;:jg[¢d+1—k(d-+2)vk_d_1d+ﬂ
re=1)y
1 Yoz (k= (27 +2)125!Mboj41)
o aglben + @+ 2)—— o
k—1
(k= d)dMasr + 3, % (k — (25 +2)12)Ma;41)
2

- (k — d)!'d!!
W(14; — (27 +2)!1125Mehg;41)
= (k — d)la!!

So,
ey
S5 (k= (25 +2)12) b )

Vk—ii = (k — )l

N

O]

Now, return to the proof of Theorem 1. The results of Lemma 1, Lemma 2 and lemma 3
cover cases (a) and (b) in Theorem 1, thus the its first part is proved.
Turn now to the second part of Theorem 1 to prove the formula giving ny.

From Lamma 2, we have
i—1

S Zolk — (27 + 1) — Dy — (5)m)
Vk—ii = (k — )3l

After arranging the equation we get,

M

(k —ilillog_;; = S (k— (27 +1))N(25 — D! (wj - <§>nk)

§=0
= Sk — (25 + 1))N2j — Doy — > (k — (25 + 1)1(27 — DN <j>77k
j=0 j=0

Thus we obtain
7—1
2

2 k
(= iittogog+ e S (k — (24 + 1)) — 1)!!(2.) =S (k2 D) - 1)

j =

i—1

j=0

Taking ¢ = k + 1, which give % = % in the last equation we obtain

[MIES

0+ g ‘ (k= (27 +1)N(25 — 1)!!(§>

Jj=0

(k — (25 + 1)1N(25 — 1)!ahy;.

|
AM“‘W

j=0

So,
Fo(k — (27 + 1)N(25 — 1)y,

k k
Fo(k— (25 +1)N(2) - 1)!!(;)
Which completes the proof of the Theorem 1.

Mk
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3 Conclusion

In this paper, a planer autonomous lopsided system of degree eight been studied. Using the
classical method of Lyapunov-Poincare, We derived a general form of all the focal values ny (k
is even and k > 2) and the Lyapunov function V(x,y) for this lopsided system of degree eight.
Thus the Lyaponov quantities L(k) can be easily derived and used for the study of the stability
of a general dynamic system and calculate the maximum number of limit cycles which can be
bifurcate out of the origin for this type of lopsided system.
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